Abstract In [1] , it is shown that the Rabinovich-Fabrikant (RF) system admits self-excited and hidden chaotic attractors. In this paper, we further show that the RF system also admits a pair of symmetric transient hidden chaotic attractors. We reveal more extremely rich dynamics of this system, such as a new kind of "virtual saddles".
which can be localized numerically with standard computational procedures. However, as for the example considered in this paper, the system has both self-excited and hidden attractors. Hidden attractors are important in engineering applications because they may allow unexpected and potentially disastrous responses to perturbations in a structure like a bridge or aircraft wing. Hidden attractors can be found in systems with no equilibria [17, 18] , or with only one stable equilibrium [19] , which is a special case of multistable systems or coexistence of attractors [20] . Uncovering all co-existing attractors and their underlying basins represents one of the major difficulties in locating hidden attractors.
On the other hand, transient chaos, ubiquitous in chaotic systems, is due to nonattracting chaotic saddles in phase space [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] . The transient chaos represents a phenomenon which appears when a nonlinear system behaves chaotically during some (short or long, but finite) transient time 2 , after which falls into a periodic or chaotic attractor. Initially, the behavior is aperiodic and the system is sensitive to initial conditions (i.e. "chaos"), after which it settles down on a periodic orbit (or fixed point), or some chaotic attractor. Transient chaos is a common phenomenon of many engineering, physical and biological systems. Dynamics on systems with chaotic transients can be unpredictable even finally the system falls into a very simple motion. Chaotic transients can be found in systems with multiple (competing) attractors (as in the Rabinovich-Fabrikant (RF) system considered in this paper) and the existence of chaotic transients may have important implications for experiments on chaotic systems. For example, such transient phenomena were observed in hydrodynamics [32] , radio circuits [31] , neural networks [33] , Lorenz system [34] , Rössler system [36] , maps [35] , experiments [31] and so on. Note that transient chaos can be quite disastrous and therefore unwanted, and it can be the cause of catastrophic developments in a dynamic system, for example in situations of voltage collapse or species extinction [30] . Therefore, control or anticontrol (in the sense of maintaining) of transient chaos can be desirable in some cases.
To note that in a recent paper [37] it is shown that a new phenomenon of doubly transient chaos, which is fundamentally different from the hyperbolic and nonhyperbolic transient chaos reported in the literature, appears in many other systems (chemical reactions, binary star behavior, etc.), and is likely far less predictable than what has been previously thought. Therefore, finding hidden transient chaotic attractors represents a new and interesting challenge.
In this paper, we investigate numerically hidden transient chaotic attractors in the RF system. The rest of the paper is organized as follows: Section 2 presents briefly the RF system and the stability of equilibria, and Section 3 deals with hidden transient chaotic attractors of the RF system. Conclusion is drawn in the last section.
The RF system
The RF system considered here is a chaotic system modeled by the following system of ODEs [1] 
where a > 0 and b is the bifurcation parameter. The system, revealed numerically in [1] , presents unusual and extremely rich dynamics, including multistability (coexistence of multiple attractors for a given set of parameters), which represents an important ingredient for potential existence of hidden attractor.
Due to the complexity of the ODEs (third-order nonlinearities), a complete mathematical analysis such as stability of equilibria, existence of invariant sets, existence and convergence of heteroclinic or homoclinic orbits, has to be done numerically (mostly investigated in [1] ).
The equilibria are X * 0 (0, 0, 0) and
where
, and
, The system exhibits the symmetry E
Under the transformation E, each trajectory has its symmetrical (twin) trajectory with respect to the x 3 -axis. Therefore, one can consider the stability of X * 0 , X * 1 and X * 3 only.
In order to find the hidden transient attractors, we need to determine the stability of all equilibria. The Jacobian is
All equilibria are hyperbolic. The eigen-spectrum at the equilibrium X * 0 is Λ = {λ 1 , λ 2 , λ 3 } = {−0.5580, 0.1000− 1i, 0.1000 + 1i}. Thus, X * 0 is a repelling focus saddle. Its two-dimensional unstable manifold W u X * 0 = {x 3 = 0} (i.e. plane (x 1 , x 2 )) and the one-dimensional stable manifold W * X * 0 = {x 1 = x 2 = 0} (i.e. axis x 3 ), meaning that the trajectories close to X * 0 move to the saddle along the axis x 3 , but are rejected via spiralling in the plane (x 1 , x 2 ).
The equilibrium X * 1 has the eigen-spectrum Λ = {−0.2470, −0.0555−1.4722i, −0.0555+ 1.4722i} and, therefore, X * 1 (X * 2 ) is a stable focus node. Therefore, all trajectories approaching X * 1,2 are attracted by these equilibria. Therefore, equilibria X * 1,2 are stable and equilibria X * 0 , X * 3,4 are unstable.
Hidden transient chaotic attractors
The numerical integration of the RF system represents a real challenge to ODEs solvers. The numerical results depend drastically on the initial conditions, integration step-size, and even the numerical method. Therefore, for some values of the parameters, some available fixed-step numerical methods for ODEs, implemented in software packages, might give unexpectedly different results for the same parameter values and initial conditions. Contrarily, fixed-step-size schemes, such as the standard RungeKutta method (RK4), or the multi-step predictorcorrector LIL method [38] , generally give more accurate results (see details in [1] ). As revealed in [1] , the RF system presents extremely rich dynamics. In this paper, we are concerned with chaotic attractors only. As can be seen from Fig.  1 , there exist different-shaped chaotic attractors and also coexisting chaotic attractors ( Figs. 1 (d),(f) ). In [39] , it is shown that, the system presents two hidden chaotic attractors corresponding to b = 0.2715 ( Fig. 1 (a) ) and b = 0.2876 ( Fig. 1)  (b) ). The other chaotic attractors (Figs. 1 (c) ,(d) and (f)) are self-excited. By physical reasons, the parameters a and b should be positive. However, also, negative values revealed interesting dynamics (see Fig. 1 (e) , where a = −1 and b = −0.1).
We next show that the coexisting chaotic attractors (H 1 and H 2 in Fig. 1  (f) ), for b = 0.279 and initial conditions x 0 = ±(−0.1, 0.1, 0.3) (points S 1,2 ) are transient hidden chaotic attractors.
From a computational perspective and based on the connection of basins of attraction of attractors with equilibria in the phase space, the following classification of attractors is utilized in this work. Due to the symmetry E, we only consider the attractor H 1 . The transient character of this attractor is revealed by the time series of the first component X 1 , starting from the attraction basin of H 1 (Fig. 2 (a) green  plot) , compared to the time series of the stable component x * 1 , starting from a different initial condition (red plot).
As can be seen, the lifetime of the transient is about T * ≈ 160s 3 , after which the trajectory is attracted by the stable equilibrium X * 1 (component x * 1 in Fig. 2  (a) ).
The chaotic behavior is underlined by the positiveness of the largest Lyapunov exponent (Fig. 2 (b) ).
In order to show that H 1 is a hidden transient chaotic attractor, first we have to show that all trajectories starting from vicinities of unstable equilibria X * 3,4 tend either to stable equilibria X * 1,2 , or to infinity. In Fig. 3 (a) , the related dynamics are presented, including H 1 and the trajectories starting from neighborhoods of unstable equilibria.
As can be seen, unstable equilibria X * 3,4 reject a part of the trajectories to a new kind of set, Y * 1,2 , called "virtual saddles" in [1] . Only few numerical methods can reveal these "virtual saddles". We believe that these sets are not only "virtual", but they really exist, and represent a characteristic of this system.
Note that the equilibria X * 3,4 , which seem to generate these "attractors", have their own saddles sets. Unstable directions of X * 3,4 become stable directions in Y * 1,2 . Also, note that the distance between Y * 1,2 and X * 3,4 along the x 2 axis is quite large, in the order of 10 3 depending on the integration step size [1, 39] . In order to observe more details of the shape of the transient hidden chaotic attractor H 1 , consider the enlarge view in Fig. 3 (b) . Here, beside H 1 (green plot), one can see trajectories starting from unstable equilibria (for clarity only 50 trajectories are plotted).
Trajectories starting from a δ-neighborhood V X * 0 of unstable equilibrium X * 0 (with δ in the order of 10 −4 ) tend to infinity via Y * 1 or Y * 2 (see grey plots in the zoomed image of V X * 0 in Fig. 3 (c) ). Because the plane (x 1 , x 2 ) is the unstable manifold of X * 0 , trajectories starting from V X * 0 , are first attracted to this plane following the stable direction x 3 , after which they are rejected via spiralling due the positive components of the real parts of the eigenvalues.
All trajectories starting from δ-neighborhoods V X *
3,4
of X * 3,4 (with δ in the order of 10 −4 ) tend either to stable equilibria X * 1,2 (red and blue plots respectively), or to infinity (black plot), via virtual saddles Y * 1,2 (see also the zoomed vicinity V X * 3 in Fig. 3 (d) ). One can see that all trajectories exit V X * 3 via spiralling, due to the positive real parts of the complex eigenvalues λ 2,3 of X * 3 . Summarizing, Definition 1 applies and one can conclude that H 1 (H 2 ) is a hidden transient chaotic attractor.
The second task is the localization of the hidden attractor. In [2, 40] , an analyticalnumerical localization algorithm is presented. However, trial-and-error methods could be used too. Thus, for finding H 1,2 , one can utilize RK4 (or LIL algorithm) with step size 0.0001 and initial conditions S 1,2 x 0 = ±(−0.1, 0.1, 0.3) (Fig. 4 reveals the position of the initial point S 1 situated outside the unstable neighborhoods of equilibria X * 0 and X * 3,4 ). Moreover, the dimension of the attraction basin of H 1 (H 2 ) seems to be significantly smaller than the basins of the self-excited attractors. Another modality to uncover hidden attractors is presented in [5] , where the localization is realized via perpetual points introduced in [41] .
Conclusion
In this paper, we have shown numerically that the RF system presents a pair of coexisting chaotic attractors, which are transient hidden chaotic attractors, with the lifetime of the chaotic transient T * ≈ 160sec. The hidden character has been verified by mathematical definition. All trajectories starting from small neighborhoods of unstable equilibria X 0 and X * 3,4 do not tend to H 1,2 , but either are attracted by the stable equilibria X * 1,2 or tend to infinity via a new kind of sets, the "virtual saddles" Y * 1,2 . Further studies on Y * 1,2 will be the subject of future works. Also, studying the existence of chaotic saddles and boundary crisis in systems with transient hidden chaotic attractors, could be a good start to find if there are differences (e.g. the transient lifetime) between this kind of transient chaos and the transient chaos in the periodic windows in almost all of the chaotic systems. 
